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Motivation 
 
The motivation for this research arises from recent developments focusing on: 
 the relative in-plane strength1 between standard ply laminates (or classic quads) and double 
angle-ply laminates (or Double-Double designs), and  
 a method for in-plane stiffness matching2 between these two classes of laminate designs, based 
on arguments for ease of manufacture3.   
No consideration has yet been given to bending stiffness, and hence buckling strength, which becomes 
the critical design case in the outboard region of the wing.   
 
A methodology for matching bending stiffness, between standard ply laminates (with 0, 45 and 90 
ply orientations) and double angle-ply laminates (with  and  ply orientations) is therefore required. 
 
1 Tsai, S. (2017). Keynote: Design of composite laminates, 21st International Conference on Composite 
Materials, Xi'an, China.   
2 Johnson, M.W.D., Johnson, K.J., Rhead, A.T. and Butler, R. (2017). Laminate design with non-standard ply 
angles for optimised in-plane performance, 21st International Conference on Composite Materials, Xi'an, China.   
3 Nielsen, M.W.D., Johnson, K.J., Rhead, A.T. and Butler, R. (2018). Laminate design for optimised in-plane 
performance and ease of manufacture, Composite Structures, 177, pp. 119-128. 
(https://doi.org/10.1016/j.compstruct.2017.06.061) 
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Background 
Ply percentage mapping for standard ply 
laminates are superimposed on the lamination 
parameter design space illustrated in Fig. 1, 
where the in-plane lamination parameters (1, 2) 
for typical aircraft components are:  
 
1. Spar (0, -0.6),  
2. Skin (0.32, 0.12) and  
3. Stiffener (0.5, 0.4) 
 
These correspond to the following ply 
percentages for 0, 45 and 90 ply orientations:  
 
1. Spar (10/80/10),  
2. Skin (44/44/12) and  
3. Stiffener (60/30/10).   
 
These 3 points are plotted together with the 39 
unique designs representing fully uncoupled 
symmetric laminates within the 10% design rule 
and a ply contiguity constraint of no more than 3 
adjacent plies with identical orientation.   
 
Fig. 1 
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Table 1 – Examples of the 39 unique lamination parameter design points for fully uncoupled symmetric 
laminates with up to 21 plies, within the 10% design rule and a ply contiguity 3.  Only points within 
one symmetric half of the design space (1  0) are listed. 
Ref. Stacking sequence  n 1 2 
1 [45/90/-45/-45/0/90/90/45/90/90/90/45/90/90/0/-45/-45/90/45]T  19 0.37 0.16 
2 [45/90/-45/-45/90/0/90/90/45/45/90/90/0/90/-45/-45/90/45]T  18 0.33 0.11 
3 [45/-45/0/90/-45/90/90/45/90/45/90/90/-45/90/0/-45/45]T  17 0.29 0.06 
4 [45/90/-45/-45/0/90/90/45/90/0/90/45/90/90/0/-45/-45/90/45]T  19 0.26 0.16 
5 [45/-45/90/-45/90/45/0/90/90/0/45/90/-45/90/-45/45]T  16 0.25 0.00 
6 [45/-45/0/90/0/-45/90/90/45/90/90/45/90/90/-45/0/90/0/-45/45]T  20 0.20 0.20 
7 [45/-45/0/90/-45/90/90/45/0/45/90/90/-45/90/0/-45/45]T  17 0.18 0.06 
8 [45/90/-45/-45/0/90/90/45/0/90/0/45/90/90/0/-45/-45/90/45]T  19 0.16 0.16 
9 [45/-45/0/90/-45/45/-45/90/45/90/45/90/-45/45/-45/90/0/-45/45]T  19 0.16 -0.26 
10* [45/-45/90/-45/0/90/45/45/90/0/-45/90/-45/45]T  14 0.14 -0.14 
11 [45/90/-45/-45/0/0/90/90/45/45/90/90/0/0/-45/-45/90/45]T  18 0.11 0.11 
12 [45/-45/0/90/-45/90/45/-45/45/45/-45/45/90/-45/90/0/-45/45]T  18 0.11 -0.33 
13 [45/-45/0/90/-45/0/90/45/90/45/90/0/-45/90/0/-45/45]T  17 0.06 0.06 
14 [45/-45/-45/90/45/45/-45/0/90/0/-45/45/45/90/-45/-45/45]T  17 0.06 -0.41 
15 [45/90/-45/-45/0/0/90/45/90/0/90/45/90/0/0/-45/-45/90/45]T  19 0.05 0.16 
16 [45/-45/0/90/-45/45/-45/90/45/0/45/90/-45/45/-45/90/0/-45/45]T  19 0.05 -0.26 
17 [45/90/-45/0/0/-45/-45/90/45/45/90/45/45/90/-45/-45/0/0/-45/90/45]T  21 0.05 -0.14 
18 [45/-45/0/-45/90/45/0/90/90/0/45/90/-45/0/-45/45]T  16 0.00 0.00 
19 [45/-45/0/-45/45/-45/90/45/45/90/-45/45/-45/0/-45/45]T  16 0.00 -0.50 
20 [45/-45/0/90/0/-45/0/90/45/90/90/45/90/0/-45/0/90/0/-45/45]T  20 0.00 0.20 
21 [45/90/-45/0/-45/0/-45/45/45/90/90/45/45/-45/0/-45/0/-45/90/45]T  20 0.00 -0.20 
22 [45/-45/-45/0/45/90/90/45/0/-45/-45/45]T  12 0.00 -0.33 
10* [45/90/-45/0/90/-45/-45/90/45/45/0/45/45/90/-45/-45/90/0/-45/90/45]T  21 0.14 -0.14 
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Notes: 
 
For laminates with up to 21 plies, all 39 points in the design space are unique to a single ply number 
grouping (n), with the exception of sequence 10 in the list, for which the 14 ply laminate shares the 
same lamination parameter point as the 21 ply solutions given in the footnote to Table 1.  
 
By contrast there are 114 unique design points for non-symmetric configurations. 
 
A typical Stiffener component, with coordinate, (1, 2) = (0.5, 0.4), requires either a higher ply 
number grouping n > 21, ply contiguity > 3 or Bending-Twisting coupled designs. 
 
The additional constraint of an outer surface angle-ply is also imposed in all the designs investigated, 
for the purposes of improved damage tolerance.   
 
The ply continuity constraint or so-called ply blocking rule, can be dismissed completely when adopting 
double angle-ply designs to achieve laminates with matching in-plane stiffness for these typical aircraft 
components, since ply contiguity is now limited to 2 adjacent plies with identical orientation due to 
adjacent (or stitched non-crimp fabric) pairs of angle plies.   
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Stiffness matching between standard ply laminates and double angle-ply laminates. 
 
A stiffness tailoring strategy is now applied to obtain double angle-ply laminates, consisting of either 
non-crimp fabrics or contiguous UD layers forming one of two discrete balanced angle-ply pairs:  and 
; where    and -90  (, )  90.   
 
The standard ply angle configurations containing 0°, 90° and 45° plies, for spar, skin and stiffener are 
now replaced by double angle ply [()/(1 - )] laminates, where subscript  represents the proportion 
of , and remainder (1 - ) represents the proportion of .   
 
For extension stiffness matching, these proportions correspond to the relative number of  and  plies 
in the laminate.   
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Designing with double angle-ply laminates can 
facilitate the use of a fixed angle ( = 60°) sub-
laminate, together with a component dependent 
variable angle sub-laminate ().   
 
These angle combinations are illustrated on the 
lamination parameter design space of Fig. 2. 
 
The broken lines, representing a particular 
double angle-ply combination, pass through the 
respective lamination parameter coordinate of 
the three components.   
 
For a fixed angle ( = 60°), the hypothetical 
proportions of each of the two double angle plies 
are derived from the standard lever rule and 
correspond to (/) ply percentages: 
 
Spar [60(44.4%)/33.2(55.6%)]  
Skin [60(40.5%)/14.3(59.5%)], and  
Stiffener [60(31%)/14.3(69%)]. 
 
Fig. 2 
But what are the stacking sequences!? 
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Bending stiffness matching procedure. 
 
The new approach matches the lamination parameters (9, 10) between the standard and double angle 
ply laminates: 
 
The ply angle dependent lamination parameters (9, 10) are related to non-dimensional parameter,  (= 
 + + +), representing the summation of the relative contribution to bending stiffness of the 
fixed ply angles of the standard laminate: 
 
9 = {cos2 + cos2 + cos2 + cos2}/ 
10 = {cos4 + cos4 + cos4 + cos4}/ 
(1) 
 
For balanced angle plies: 
 
9 = {cos2 + (/)cos2(/) + cos2}/ 
10 = {cos4 + (/)cos4(/) + cos4}/ 
(2) 
 
Replacing orthotropic plies  and  with variable angle-ply pairs (/) and (/), respectively, 
and fixed standard angle plies  and  with variable angle-ply pairs (/) and (/), gives: 
 
9 = {(/)cos2(/) + (/)cos2(/) + (/)cos2(/) + (/)cos2(/)}/ 
10 = {(/)cos4(/) + (/)cos4(/) + (/)cos4(/) + (/)cos4(/)}/ 
(3) 
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For balanced angle-ply pairs, the lamination parameters may be recast in simplified form: 
 
9 = {()cos2 + ()cos2}/ (4) 
 
and given  =  +  (= n3), where  corresponds to the total contribution to bending stiffness for all 
plies in the laminate, 
 
9 = {()cos2 + ( - )cos2}/ (5) 
 
Equation (5) can be simplified further using  = /, and  = cos2 and  = cos2, to give:  
 
9 = ()+ (1 - ) (6) 
 
This can be rearranged to give an expression for the relative contribution to bending stiffness of the 
angle-ply sub-laminates: 
 
 = (9 – )/( – ) (7) 
 
Similarly: 
 
10 = {()cos4 + ( - )cos4}/ (8) 
 
can be recast, using the double angle relationship {cos4 = 2cos2(2) – 1}, to give:  
 
10 = ()(22 – 1) + (1 – )(22 – 1) (9) 
 
Stiffness Matching between Standard and Double Angle-Ply Laminates. 
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The contribution ( = /) to bending stiffness of the  plies can be set to match the contribution of 
0°/90° plies from the standard ply laminate: 
 
 = 0/90/ = / (10) 
 
or directly to the value of / if known a priori. 
 
Substituting Eqn. (7) into (9) leads to the following quadratic solution for  (= cos2):   
 
 = -(10 + 1 - 22)/4( - 9)  [((10 + 1 - 22)/4( - 9))2 – (229 -  - 10)/2( - 9)]½ (11) 
 
The value of  (= cos2) is now solved iteratively until Eqns (7) and (10) match, using the target value 
of  (= cos2) from Eqn. (11), for the lamination parameters (9, 10) of the standard ply angle 
configuration, or indeed any lamination parameter coordinate of choice. 
 
Finally, angle  is solved directly through  = cos2, once the iterative process has converged.  
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Stacking sequences for double angle-ply laminates 
 
Solutions are derived algorithmically, using a similar procedure to that for Standard angle designs. 
 
Table 2 - Number of solutions for Uncoupled and Bending-Twisting coupled designs with increasing ply 
number grouping, n. 
n =  12 14 16 18 20 22 24 
Uncoupled - - 6 - - - 108 
Bending-Twisting Coupled 18 - 146 - 1,430 - 14,134 
 
Stiffness matching is demonstrated through the development of double angle-ply laminates with bending 
isotropy, which can be achieved for a range of  and  combinations, see Table 3. 
 
Table 3 – Stacking sequences for Uncoupled double angle-ply laminates with 16 layers.  Proportions 
()% = (/) and (1 - )% = (/) are given together with angles (, ) which give bending isotropy. 
 Stacking sequence  1  
a []T 12.5% 87.5% - - 
b []T 12.5% 87.5% - - 
c []T 40.5% 59.5% 74.45 27.14 
d []T 31.2% 68.8% - - 
e []T 31.2% 68.8% - - 
f []T 40.5% 59.5% 74.45 27.14 
Stiffness Matching between Standard and Double Angle-Ply Laminates. 
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Laminate parameter design space representations 
 
(a) 
 
(b) 
Fig. 3 – Feasible design space in (a) extension and; (b) bending for 16 ply stacking sequences c and f 
from Table 3, which lead to bending isotropy for (, ) = (74.45°, 27.14°).  
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Laminate parameter design space representations 
 
(a) 
 
(b) 
Fig. 4 – Feasible design space in bending for 16 ply stacking sequences (a) a and b and; (b) d and e from 
Table 3, for which bending isotropy is not possible for any angle combination (, ).  Here, (, ) = 
(74.45°, 27.14°). 
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Laminate parameter design space representations 
 
(a) 
 
(b) 
Fig. 5 – Comparison of feasible design spaces in (a) extension and; (b) bending for 16 ply stacking 
sequences c and f from Table 3, which lead to bending isotropy for (, ) = (74.45°, 27.14°) and design 
lines for 16 ply laminates with Standard ply orientations (0°, 45° and 90°), but now with general angle 
° in place of 45°. 
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For 24 ply laminates, 15 unique solutions in extensional stiffness constitute the 108 solutions of Table 
2.  Table 4 lists the configurations that lead to bending isotropy for the angles given. 
 
Table 4 – Stacking sequences for Uncoupled double angle-ply laminates with 24 layers.  Proportions () 
= (/) and (1 - ) = (/) are given together with angles (, ) which give bending isotropy. 
 Stacking sequence  1  
a []T 0.57 0.43 63.78 17.44 
b []T 0.55 0.45 65.08 19.58 
c []T 0.49 0.51 68.06 23.04 
d []T 0.41 0.59 74.28 27.06 
e []T 0.45 0.55 70.46 24.95 
f []T 0.37 0.63 78.64 28.59 
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Laminate parameter design space representations 
 
(a) 
 
(b) 
Fig. 6 – Feasible design space in (a) extension and; (b) bending for 24 ply stacking sequence a from 
Table 4, which lead to bending isotropy for (, ) = (63.78°, 17.44°).  
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Laminate parameter design space representations 
 
(a) 
 
(b) 
Fig. 7 – Feasible design space in (a) extension and; (b) bending for 24 ply stacking sequence b from 
Table 4, which lead to bending isotropy for (, ) = (65.08°, 19.58°).  
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Laminate parameter design space representations 
 
(a) 
 
(b) 
Fig. 8 – Feasible design space in (a) extension and; (b) bending for 24 ply stacking sequence c from 
Table 4, which lead to bending isotropy for (, ) = (65.08°, 19.58°).  
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Laminate parameter design space representations 
 
(a) 
 
(b) 
Fig. 9 – Feasible design space in (a) extension and; (b) bending for 24 ply stacking sequence d from 
Table 4, which lead to bending isotropy for (, ) = (74.28°, 27.06°).  
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Laminate parameter design space representations 
 
(a) 
 
(b) 
Fig. 10 – Feasible design space in (a) extension and; (b) bending for 24 ply stacking sequence e from 
Table 4, which lead to bending isotropy for (, ) = (70.46°, 24.95°).  
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Laminate parameter design space representations 
 
(a) 
 
(b) 
Fig. 11 – Feasible design space in (a) extension and; (b) bending for 24 ply stacking sequence f from 
Table 4, which lead to bending isotropy for (, ) = (78.64°, 28.59°).  
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Interpretation of Results: Compression Buckling Factor (kx) 
 
(a) 
 
(b) 
Fig. 12 – Feasible design space for (a) bending stiffness and; (b) compression buckling contours (kx  = 
4.00) for infinitely long plate with stacking sequence a from Table 4 with bending isotropy at (, ) = 
(63.78°, 17.44°). 
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Interpretation of Results: Shear Buckling Factor (kxy) 
 
(a) 
 
(b) 
Fig. 13 – Feasible design space for (a) bending stiffness and; (b) shear buckling contours (kxy = 5.34) 
for infinitely long plate with stacking sequence a from Table 4 with bending isotropy at (, ) = (63.78°, 
17.44°). 
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Concluding Remarks 
 
 New double angle-ply laminates have been derived for Uncoupled and Bending-Twisting coupled 
designs demonstrating the relatively limited design number of designs compared with standard 
angle designs…   
 
 However graphical representation of the lamination parameter design spaces has revealed that 
Double angle-ply designs have unique and extensive coverage of the feasible design space by virtue 
of the different ply percentages and angle-ply design freedom. 
 
 A bending stiffness matching procedure has been introduced and demonstrated through the 
development of a number of designs with bending isotropy.  
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Airframe manufacturers are beginning to consider the possibility of moving away from 
conventional composite laminate designs, but need further evidence that non-conventional designs 
can lead to weight savings, improve performance and reduce manufacturing times. 
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conventional laminate designs with respect to either buckling, vibration, strength, damage tolerance 
and/or thermal shape stability characteristics. The non-conventional designs should also satisfy, 
where possible, the manufacturability constraints applied to conventional designs, including design 
heuristics, such as ply percentages and/or ply contiguity constraints, and thickness tapering. 
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